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EUCLID'S THEOREM ON THE INFINITUDE OF PRIMES: 
A HISTORICAL SURVEY OF ITS PROOFS (300 B.C.-2012) 
- ( ^,-. AND ANOTHER NEW PROOF 

^ ; ROMEO MESTROYIC 

Abstract. In this article, we provide a comprehensive historical survey 
of different proofs of famous Euclid's theorem on the infinitude of prime 
. numbers. The Bibliography of this article contains 99 references consisting 

of 24 textbooks and monographs, 73 articles (including 20 Notes published 
in Amer. Math. Monthly and a few unpublished works that are found on 
Internet Websites, especially on http : arxiv . org/), one Ph.D. thesis and 
Sloane's On-Line Encyclopedia of Integer Sequences. The all references 
concerning to proofs of Euclid's theorem that use similar methods and 
ideas are exposed subsequently. Moreover, in Appendix we present a list 
of all 70 different proofs of Euclid's theorem presented here together with 
the corresponding reference(s), the name(s) of his (their) author(s) and 
f- ^ the main method(s) and/or idea(s) used in it (them). This list is arranged 

, by year of publication. 

^sO ■ In Section 2, we give a new simple proof of the infinitude of primes. 

CO ; The first step of our proof is based on Euclid's idea. The remaining of 

£NJ " the proof is quite simple and elementary and it does not use the notion 

, of divisibility. 

(N 

1. A SURVEY OF PROOFS OF EUCLID'S THEOREM 

- T l ■ 

^ ■ This article id dedicated to Euclid because the influence of his Elements 

to the development of mathematics is one the most important topics in the 
history of mathematics. Euclid's "Elements" are one of the most popular 
and most widely printed mathematicians books and they are been translated 
into many languages. 

A prime number (or briefly in the sequel, a prime) is an integer greater than 
1 that is divisible only by 1 and itself. Mathematicians have been studying 
primes and their properties for over twenty-three centuries. 

Circa 300 B.C., Euclid of Alexandria, from the Pythagorean School proved 
(Elements, Book IX, Proposition 20) the following result as rendered into 
modern language from the Greek ([S], [HH]): If a number be the least that 
is measured by prime numbers, it will not be measured by any other prime 
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number except those originally measuring it. According to G. H. Hardy 
Euclid's theorem which in fact states that the number of primes is infinite, "is 
vital for the whole structure of arithmetic. The primes are the raw material 
out of which we have to build arithmetic, and Euclid's theorem assures us 
that we have plenty of material for the task." Hardy [H] also remarks that 
this proof is "as fresh and significant as when it was discovered" so that "two 
thousand years have not written a wrinkle" on it. 

Even after almost two and a half millennia ago it stands as an excellent 
model of reasoning. Below we follow Ribenboim's statement of Euclid's proof 
f7E\ P- 3]- Namely, in Book IX of his celebrated Elements (see [UJ) we find 
Proposition 20, which states: 

Euclid's theorem. There are infinitely many prime numbers. 

Elegant proof of Euclid's theorem runs as follows. Suppose that p\ = 2 < 
P2 = 3 < • • • < pk are all the primes. Take n = p\p 2 • • • Pk + 1 and let p be a 
prime dividing n. Then p cannot be any of pi,p 2 , . . . ,Pk, otherwise p would 
divide the difference n — p\p 2 ■ ■ ■ Pk = 1 ■ D 

The above proof is actually quite a bit different from what Euclid wrote. 
Since ancient Greeks did not have our modern notion of infinity, Euclid could 
not have written "there are infinitely many primes," rather he wrote: u prime 
numbers are more than any assigned multitude of prime numbers." Below is a 
proof closer to that which Euclid wrote, but still using our modern concepts 
of numbers and proof. An English translation of Euclid's actual proof given 
by D. Joyce in his webpages [52] which also can be found in 



|http : //primes .utm. edu/notes/proof s/inf inite/euclids .html It is a most 



elegant proof by contradiction that goes as follows. 

Euclid's theorem. There are more primes than found in any finite list of 
primes. 



Proof. Call the primes in our finite list pi,p 2 , . . . ,Pk- Let P be any common 
multiple of these primes plus one {for example P = p\p 2 • ■ -Pk + 1)- Now P 
is either prime or it is not. If it is prime, then P is a prime that was not 
in our list. If P is not prime, then it is divisible by some prime, call it p. 
Notice p cannot be any of pi,p 2 , . . . ,pk, otherwise p would divide 1, which is 
impossible. So this prime p is some prime that was not in our original list. 
Either way, the original list was incomplete. □ 



Remarks. As usually, for each prime p, denotes the product of all the 
primes less than or equal to p and it is called the primorial number (Sloane's 
sequence A002110; also see A034386 for the second definition of primorial 
number as a product of primes in the range 2 to n). Further, nth Euclid 
number |91j is defined as a product of first n consecutive primes plus one 
(Sloane's sequence A006862). 
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The numbers ± 1 (in accordance to the first definition given above) 
and n! ± 1 have been frequently checked for primality (see [TT], [10], [HI] and 
[76| pp. 4-5]). The numbers p* ± 1 have been tested for all p < 120000 
in 2002 by C. Caldwell and Y. Gallot [11]. They were reported that in the 
tested range there are exactly 19 primes of the form + 1 and 18 primes 
of the form — 1 (these are in fact Sloane's sequences A005234 extended 
with three new terms and A006794, respectively). It is pointed out in J76J 
p. 4] that the answers to the following questions are unknown: 1) Are there 
infinitely many primes p for which pj^ + 1 is prime? 2) Are there infinitely 
many primes p for which pj^ + 1 is composite? 

In terms of the second definition of primorial numbers given above, simi- 
larly are defined Sloane's sequences A014545 and A057704 (they also called 
primorial primes). 

Other Sloane's sequences related to Euclid's proof and Euclid numbers are: 
A018239, A057588, A057705 A006794 A002585 A068488, A103514, A066266, 
A066267, A066268, A066269, A088054, A002981, A002982, A088332, A005235, 
A000945 and A000946. □ 

Remarks. Notice that Euclid's proof actually only uses the fact that there 
is a prime dividing given positive integer greater than 1. This follows from 
Proposition 31 in Book VII of his Elements ([17], [5J, [121 P-2, Theorem 
1]) which asserts that 11 any composite number is measured by some prime 
number" or in terms of modern arithmetic, that every integer n > 1 has at 
least one representation as a product of primes. The unique factorization 
theorem does not appear in Euclid's Elements ([UJ; also see [6]). However, 
as noticed in [6j page 208], in fact, the unique factorization theorem follows 
from Propositions 30-31 in Book VII (given in Remarks below). 

Nevertheless, as noticed in [6J, Euclid played a significant role in the history 
of this theorem (specifically, this concerns to some propositions of Books VII 
and IX). We point out that the unique factorization theorem also plays a 
significant role in numerous proofs of the infinitude of primes provided below. 
□ 

To save the space, in the sequel we will often denote by "JP" "the infinitude 
of primes" . 

Ever since Euclid of Alexandria, sometimes before 300 B.C., first proved 
that the number of primes is infinite (see Proposition 20 in Book IX of his 
legendary Elements in [4T] (also see [121 p. 4, Theorem 4]) where this result 
is called Euclid's second theorem), mathematicians have amused themselves 
by coming up with alternate proofs. For more information about the Euclid's 
proof of the infinitude of primes see e.g., |7i], [20], [25], [21], [2H1 pp. 73-75] 
and [4"4"] . In Ribenboim's books [751 PP- 3-11], [76J Chapter 1, pp. 3- 
13], Pollack's book [721 PP- 2-19], Hardy- Wright's books [121 pp. 12-17], 
[431 PP- 14-18], Aigner and Ziegler's book [2, pp. 3-6] and Narkiewicz's 
monograph [HS1 pp. 1-10] can be found many different proofs of Euclid's 
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theorem. Several proofs of this theorem were also explored by P. L. Clarke 
H3 Ch. 10, pp. 115-121] and T. Yamada [2EJ Sections 1-6, 10-12]. One 
of these proof, due to E. E. Kummer in 1878/9 [56] (also see [761 P a g e 4] 
and [98]) is in fact an elegant variant of Euclid's proof. T. J. Stieltjes' proof 
of 1890 ([75], [98]), Braun's proof of 1897 ([721 p. 3], [98]), Metrod's proof 
[761 Page 11] of 1917, Mullin's proof of 1964 gS], Trigg's proof in 1974 [90] 
and Aldaz and Bravo's proof [7] in 2003 present refinements of the above 
proof. Another proof using Euclid's method is given in 2008 by A. Scimone 
[8Tj . Quite recently in 2011, applying the Theory of Finite Abelian Groups, 
R. Cooke [TS] proved that there are at least n — 1 primes between the nth 
prime and the product of the first n primes. 

A proof of D. P. Wegener [91] of 1981 based on a study of the sums of the 
legs of primitive Pythagorean triples also contains Euclid's idea (these triples 
are triples (x, y, z) of positive integers such that x 2 + y 2 = z 2 and gcd(x, y) = 
1; (cf. pH Ch. 2, pp. 31-34]). It was noticed in [721 P- 4, Exercise 1.2.1] 
that adapting Euclid's proof of IP, it can be proved that for every integer 
m > 3, there exist infinitely many primes p such that p— 1 is not divisible by 
m. This result is generalized by A. Granville ([721 P- 4, Exercise 1.2.2], [47)1 
p. 168]) to prove that if if is a proper subgroup of Z/mZ*, then there exist 
infinitely many primes p with p(modm) ^ H. Another less known proof 
is based on Lagrange theorem on order of subgroup of a finite group and 
Mersenne number TP — 1 with a prime p as follows. Mersenne numbers ( [761 
pp. 75-87, Ch. VII], HH pp. 109-110]) 2 n - 1, n = 1, 2, . . . and T p - 1 with 
p prime form Sloane's sequences A000225 and A001348, respectively; also 
see related sequences A000668, A000043, A046051 and A028335). Namely, 
using Lagrange theorem it can be showed that each prime divisor q of TP — 1 
divides q — 1, and so p < q, which implies IP (see [21 p. 3, Second proof], 
[31 p. 32, Proposition 1.30 and p. 72, Theorem 1.50] or webpage [23])- We 
also point out an interesting result established as a solution of advanced 
problem in [3J pp. 110-111, Problem 37 (a)]; namely, this result (given by 
two solutions) asserts that if a and b are relatively prime positive integers, 
then in the arithmetic progression a + nb, n = 1,2,..., there are infinitely 
many pairwise relatively prime terms, and it yields IP. 

C. Goldbach's proof presented in a letter to L. Euler in 1730 (see [761 P a g e 
6], [SI pp. 40-41] or [721 P- 4]) is based on the fact that the Fermat numbers 
F n := 2 2 " + 1, n = 0,l,2... are mutually prime. Indeed, it is easy to see by 
induction that F m — 2 = F Q Fi ■ ■ ■ F m _i. This shows that if n < m, then F n 
divides F m — 2. Therefore, any prime dividing both F m and F n {n < m) must 
divide the difference 2 = F m — (F m —2). But this is impossible since F n is odd, 
and this shows that Fermat numbers are pairwise relatively prime. Finally, 
assuming a prime factor of each of integers F n , we obtain an infinite sequence 
of prime numbers. F n is Sloane's sequence A000215; other sequences related 
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to Fermat numbers are A019434, A094358, A050922, A023394 and A057755 
and A080176. 

In 1880 J. J. Sylvester (see e.g., [91] and Wikipedia) generalized Fermat 
numbers via a recursively defined sequence of positive integers in which each 
term of the sequence is the product of the previous terms, plus one. This 
sequence is called Sylvester's sequence and it is recursively defined as a n+ i = 
a^ — a n + l with ao = 2 (this is Sloane's sequence A000058) and generalized by 
Sloane's sequences A001543 and A001544. Clearly, choosing a prime factor 
of each term of Sylvester's sequence yields IP. 

Golbach's idea is later used by many authors to prove Euclid's theorem 
by construction of an infinite sequence of positive integers 1 < ai < a 2 < 
< ■■■ that are pairwise relatively prime (i.e., without a common prime 
factor). For example, in 1964 A. W. F. Edwards ([29], [76| page 7]) indicated 
various sequences, defined recursively, having this property (two related se- 
quences are Sloane's sequences A002715 and A002716). This idea is used 
by Harris' proof in 1956 ([15], [98]) (cf. Sloane's sequence A001685) and in 
three Mohanty's proofs in 1978 ([621 Theorems 1-3], also see [63], [121 PP- 
5-6]). Motivated by the same idea, in 1947 R. Bellman ([9], [761 P a g e 7]) 
gave a simple "polynomial method' to produce infinite sequences with the 
mentioned property. Further, combining the Euler's idea with the geometri- 
cal interpretation of definite integral J l (1/t) dt = logx with n < x < n + 1 
in [21 p. 4, Fourth proof] it was proved the inequality logx < 7r(x) + 1, 
where n(x) is the prime- counting function defined as the number of primes 
not exceeding x. This inequality immediately yields IP. The fact that the 
series of reciprocals of primes diverges is applied in the same book of Aigner 
and Ziegler [21 pp. 5-6, Sixth proof] to obtain an elegant combinatorial proof 
of IP using enumerating arguments. 

Using Euler's theorem, it can be proved by induction that the sequence 
2 n — 3, n = 1, 2, . . . contains an infinite subsequence whose terms are pairwise 
relatively prime (the problem on IMO 1971 [23 pp. 392-393, Solution of 
Problem 10]). S. Srinivasan's proof of IP in 1984 (|EB]> [SB]) uses also a 
polynomial method that applies Fermat little theorem. Schorn's proof of 
Euclid's theorem given in 1984 [761 P a g e 8] is also i n spirit of Goldbach's 
idea (this is Sloane's sequence A104189). Recently, Goldbach's idea is also 
applied by some authors. Firstly, notice that IP is indirectly proved by S. W. 
Golomb in 1963 ([391 the sequence (1)], also see [H Section 2.5]) which was 
constructed a recursive sequence whose terms are pairwise relatively prime 
and it present a generalization of Fermat numbers, (cf. Sloane's sequence 
A000289). Analyzing the prime factors of a n — 1 for given integer a > 1 
and different integer values n > 1, in 2004 T. Ishikawa, N. Ishida and Y. 
Yukimoto [501 Corollary 3] proved that there are infinitely many primes. 
Further, in 2007, for given n > 2 M. Gilchrist [37] constructed the so called 
*-set of positive integers a\, a 2 , ■ ■ ■ , a n such that the numbers fk = 2 afc + 1, 
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k — 1, 2 . . . , n are mutually prime. Consequently, the set of primes is infinite. 
In a similar way, using the fact that for any integer n > 1, n and n + 1 are 
mutually prime, and repeating this to n(n+ 1) and n(n + 1) + 1 etc., in 2006 
F. Saidak [78] proved the infinitude of prime numbers. Similarly, in 2003 
M. Somos and R. Haas [85] proved IP using an integer sequence defined 
recursively whose terms are pairwise relatively prime (cf. Sloane's sequences 
A064526, A000324 and A007996). Quite recently, J. M. Ash and T. K. 
Petersen [5J Examples 4a)-4e)] proved IP by presenting similar recursively 
defined sequences of positive integers. For a construction of some infinite 
coprime sequences see the paper [57] of N. Lord in 2008. 

In 1938 P. Erdos f [4"2"l pp. 16-17], [98J) gave an elementary combinatorial 
proof of the divergence of the sum of reciprocals of primes, and consequently, 
the set of all primes is infinite. Using the Chebysheff's argument based on 
the well known expression for the exponent of prime p dividing the factorial 
n!, a short proof of IP of primes is presented in [431 P- 20] (also see [98]). 

Recall also that Euler was derived second proof of Euclid's theorem (pub- 
lished posthumously) by using Euler's totient function (p (Sloane's sequence 
A000010) (|T21 pp. 134-135], [721 page 3]). As noticed in [BUI page 80] (see 
also [9]) this proof is also attributed by Kummer. Another proof, based on 
the divisibility property n \ (p(a n — 1) (a, n > 1 are integers) is given in 1986 
by M. Deaconescu and J. Sandor [22] (see also [79]). 

Notice that all the above mentioned proofs of Euclid's theorem are ele- 
mentary. On the other hand, there are certain proofs of Euclid's theorem 
that are based on ideas from Analytic Number Theory. A more sophisti- 
cated proof of Euclid's theorem was given many centuries later by the Swiss 
mathematician Leonhard Euler. In 1737 Euler showed that by adding the 
reciprocals of successive prime numbers you can attain a sum greater than 
any prescribed number; that is, in terms of modern Analysis, the sum of the 
reciprocals of all the primes is divergent, (see [761 P a g e 8], [Ml PP- 8-9] or 
the work of Euler [33]). Briefly, Euler considered the possibly infinite prod- 
uct []1/(1 — p~ x ), where the index p runs over all primes. He expanded 
the product to obtain the divergent infinite series ^«°=iV n ' conclude the 
infinite product was also divergent, and from this conclude that the infinite 
series J^l/p also diverges. It is interesting to notice that in actual reality, 
Euler never presented his work as a proof of Euclid's theorem, though that 
conclusion is clearly implicit in what he did. 

Euler's proof of IP amounts to unique factorization, and it is also discussed 
at length by R. Honsberger in his book [4*91 Essay 18] and modified in 2003 
by C. W. Neville [661 Theorem 1(a)]. Another modification of Euler's proof, 
involving the logarithmic complex function, is given in book [21, p. 35] of R. 
Crandall and C. Pomerance. Furthermore, in 2007 J. Sondow [86] noticed 
that IP follows immediately from the Euler's product for the Riemann zeta 
function ((s) [321 p. 246, Theorem 280] together with the well known Euler's 
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formula pEl p. 245] C(2) := En=i V™ 2 = ^V 6 (Sloane's sequence A013661) 
and the irrationality of it 2 [421 p. 47, Theorem 49]. Namely, if there were only 
finitely many primes, then ((2) would be rational, a contradiction. In 2008 
S. J. Miller [60, p. 740] noticed that IP also follows from Gregory- Leibniz 
formula for tt and the irrationality of u |42j p. 47, Theorem 49], as well as 
from the Euler's product for the Riemann zeta function, the Euler's formula 
C(4) = J2n=i V™ 4 = tt 4 /90 [421 P- 245] (Sloane's sequence A0013662) and 
the irrationality of tt 4 , respectively. Notice also that IP follows from Wallis's 
formula for tt obtained in 1665 ([H2], IS3 the eq. (1)]) and the irrationality of 
tt. Similarly, we observe that IP is an immediate consequence of Pippenger's 
product for e obtained in 1980 ([TT], [871 ec L- (5)]) and the trans cendentality 
°f e [121 P- 172, Theorem 204]. Using the analogous arguments, IP also 
follows from Wallis-type formulas obtained by J. Sondow and H. Yi in 2010 
[13 Theorem 1, eqs. (6)-(12)]. 

Perott's proof from 1881 ([69], [761 P a g e 10]) is based on the fact that the 
series ^^L 1 (l/'^ 2 ) is convergent with the sum smaller than 2. This proof is 
generalized in 2006 by L. J. P. Kilford [53] using the fact that for any given 
k > 2, the sum Y^=i0-/ nk ) converges to a real number which is strictly 
between 1 and 2. 

Using the Theory of periodic continued fractions (cf. related Sloane's se- 
quence A003285) and the Theory of Pellian equations, in 1976 C. W. Barnes 
[9] published a new proof of IP. 

The first proof of IP which is combinatorial in spirit was given by Thue 
in late 1897 ([89], [761 P a g e 9]). This proof uses a " counting method' and the 
fundamental theorem of unique factorization of positive integ product 
of prime numbers as follows. Choose integers n, k > 1 such that (n + l) k < 2 n 
and set m = 2 ei • 3 62 • • -p e r r , where we assume that 2 < 3 < • ■ • < p r is a set 
of all the primes and 1 < m < 2 n . Suppose that r < k. Since m < 2 n , we 
have < ei < n for each i — 1, 2, . . . , r. Then counting all the possibilities, it 
follows that 2 n < (n + l)n r - 1 < (n + l) r < (n + l) k < 2 n . This contradiction 
yields r > k + 1. Now taking n = 2k 2 , then since 1 + 2k 2 < 2 2k for each 
k > 1, it follows that (1 + 2k 2 ) k < 2 2fe2 = 4 fc2 , and so there at least k + 1 
primes p such that p < 4 k . Thus, letting k — > oo yields IP. 

In order to prove IP, similar enumerating arguments to those of Thue 
were used in a simple Auric's proof, which appeared in 1915 [761 P a g e H]> 
as well by P. R. Chernoff in 1965 [T6], M. Rubinstein [77] in 1993 and M. D. 
Hirschorn [48] in 2002. A proof of IP similar to Auric's proof is given in 2010 
by M. Coons |19] . Using a combinatorial argument, the unique factorization 
theorem and the pigeonhole principle, IP is quite recently proved by D. G. 
Mixon [61]. Another counting proof based on the unique factorization was 
established in late 1893 by C. O. Boije af Gennas (HQ], [251 p. 414], [98]). 

Washington's proof of Euclid's theorem from 1980 ([93], [761 PP- H~ 
12]) is via commutative algebra, applying elementary facts of the Theory of 
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principal ideal domains, unique factorization domains, Dedekind domains and 
algebraic numbers. These algebraic arguments for this proof are well studied 
and exposed in 2001 by B. Chastek [TB] . 

A proof of Euclid's theorem due to H. Fiirstenberg in 1955 ([35]; also 
see [7_6j pp. 12-13], (72J p. 12] or [2j p. 5]) is a short ingenious proof 
based on topological ideas. In order to achieved a contradiction, Fiirstenberg 
introduced a topology on the set of all integers, namely the smallest topology 
in which any set of all terms of a nonconstant arithmetic progression is open. 

In 1959 S. W. Golomb [35] developed further the idea of Fiirstenberg and 
gave another prooof of Euclid's theorem. In 2003 D. Cass and G. Wildenberg 
[T3] (also cf. [54]) have shown that Fiirstenberg's proof can be reformulated 
in the language of periodic functions on integers, without reference to topol- 
ogy. This is in fact, a beautiful combinatorial version of Fiirstenberg's proof. 
Studying arithmetic properties of the multiplicative structure of commuta- 
tive rings and related topologies, in 2001 S. Porubsky [7j] established new 
variants of Fiirstenberg's topological proof. Notice also that Fiirstenberg's 
proof of IP is well analyzed in 2009 by A. Arana [I], discussed in greater de- 
tail in 2011 by M. Detlefsen and A. Arana [21]. Furthermore, C. W. Neville 
[HS1 Theorem 1(a)] pointed out that this proof has been extended in various 
directions, for example to the setting of Abstract Ideal Theory (see [55] and 

m)- 

More than 50 years later, in 2009 using Fiirstenberg's ideas but rephrased 
without topological language, I. D. Mercer [58] provided a new short proof 
that the number of primes is infinite. 

Recently, in 2009 J. P. Pinasco [70] gave yet another proof of Euclid's 
theorem that is based on a formula for number of integers in the interval 
[1 , x] that are divisible by one of primes in a finite set of them (x > 1 is a real 
number) which is derived by the author via the Inclusion- Exclusion Principle. 
In 2010 J. P. Whang [95] gave a short proof of IP by using de Polignac's 
formula (actually due to Legendre). Another less known elementary result 
of P. Erdos [31, p. 283] (also see [30]) in late 1934, also based on Polignac's 
formula, asserts that there a prime between ^Jn and n for each positive 
integer n > 2. Notice also that IP follows by two results of W. Sierpihski 
in his monograph in 1964 [82]. Namely, if we suppose that there are a 
total of k primes, then by [ESI P a g e 132-133, Lemmas 1 and 4], we have 
4 n /2y/n < ( 2 ^) < (2n) h for each positive integer n > 1. This contradicts the 
fact that 4 n /2y/n > (2n) k for sufficiently large n. 

In 2011 P. Pollack proved IP [73] applying the Mobius transform of an 
arithmetic function. B. Joyal [51] proved IP using the sieve of Eratosthenes. 
In his book [H] (also see [ITJ page 118, Section 10.1.5]), in 2005 the computer 
scientist G. Chaitin gave a very short "algorithmic information theory" proof 
of IP. In 1988 J. B. Paris, A. J. Wilkie and A. R. Woods ([68]; also see [67]) 
showed that a considerable part of elementary number theory, including IP, 
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is provable in a weak system of arithmetic IAq with the weak pigeonhole 
principle for A - definable functions added as an axiom scheme. IP is in 
1981 proved by A. R. Woods [97] by adding PHPA to JA , where PHPA 
stands for the pigeonhole principle formulated for functions defined by A - 
formulas. It is a longstanding open question [96] whether or not one can 
dispense with the weak pigeonhole principle, by proving the existence of 
infinitely many primes within IAq. 

Finally, quite recently, using a representation of a rational number in a 
positive integer base, in [59] the author of this article obtained an elementary 
proof of IP. The second author's proof of IP is given in the next section. 

2. Another simple proof of Euclid's theorem 

Proof of Euclid's theorem. Suppose that p\ = 2 < p 2 = 3 < • • • < pk are all 
the primes. Take n = p\p 2 • • • Pk + 1 and let p be a prime dividing n. 

The first step is a "shifted" first step of Euclid's proof. Suppose that 
Pi = 2 < p 2 = 3 < • • • < pk are all the primes. Take n = PiP2- 44 Pk- 
Then n — 1 = p e iP e 2 2 - - 'P^i^. 5) for some fc-tuple of nonnegative integers 
(ei, e 2 , • • • , ejfc), and so taking s = max{ei, e 2 , . . . , e^}, we find that 

1 ei e 2 e k PlP^'-Pk n ° 

Pi P2 ■■■Pk a 

where a = pl~ ei P2~ e2 ■ ■ • Pk~ ek an( i s are positive integers. The above equality 
yields 



n s (n s - 1) + 1 
a = = 



71—1 71- 



4^ n- 1 



whence it follows that l/(n — 1) = a — X^=o 77,4 ^ s a positive integer. This 
contradicts the fact that n — 1 > 4, and the proof is completed. □ 

Remarks. Unlike most other proofs of the Euclid's theorem, Euclid's proof 
and our proof does not require Proposition 30 in Book VII of Elements (see 
[99], [12], where this result is called Euclid's first theorem; sometimes called 
''Euclid's Lemma") that states into modern language from the Greek |47j : 
that if two numbers, multiplied by one another make some number, and any 
prime number measures the product, then it also measures one of the original 
numbers, or in terms of modern Arithmetic: if p is a prime such that p \ ah 
then either p \ m or p\b. It was also pointed in [42, page 10, Notes on Chapter 
1] that this result does not seem to have been stated explicitly before Gauss 
[36] of 1801. The only divisibility property used in our proof and Euclid's 
proof is the fact that every integer n > 1 has at least one representation as 
a product of primes. This is in fact, Proposition 31 in Book VII of Elements 
(see above Remarks). 

In order to achieved a contradiction, in the second step of his proof Euclid 
take a prime that divides a product P of all the primes plus one, and further 
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consider two cases in dependence on whether P is prime or not. But in the 
second step of our proof we obtain directly a contradiction dividing n s by 

71-1. □ 
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Appendix 

A) External Links on Euclid's theorem and its proofs 
Wikipedia http : //en . wikipedia . org/wiki/Euclid ' s_theorem 



http : / /mathworld . wolfram . com/EuclidsTheorems . html , from MathWorld 



http : //primes .utm.edu/notes/proofs/ inf inite/euclids .html 



http : / /mathf orum . org/| 
http : / /alephO . clarku . edu/ ~dj oyce/ j ava/ elements/ elements . html 
http : / / planetmath . org/ encyclopedia/ 



http : //mathoverf low . net 



http : //tech . groups . yahoo . com/ group/ primenumb er/| 



B) Sloane's sequences related to proofs of Euclid's theorem 

A000040, A002110, A034386, A006862, A005234, A006794, A014545, A057704, 
A018239, A057588, A057705 A006794, A002584, A002585, A051342, A068488, 
A103514, A066266, A066267, A066268, A066269, A088054, A002981, A002982, 
A007917, A007918, A088332, A005235, A000945, A000946, A005265, A005266, 
A0084598, A0084599, A005266; A000215, A019434, A094358, A050922, A023394, 
A057755, A080176, A002715; A000668, A001348, A000225, A000043, A046051, 
A028335; A002716; A104189; A001685; A064526, A000324, A007996; A000289; 
A000058, A001543, A001544, A126263; A005267; A0013661, A0013662; A003285; 
A000010; A000984 

in "The On-Line Encyclopedia of Integer Sequences." (published electron- 
ically at www.research.att.com/ njas/sequences/). 

C) List of papers and their authors arranged by year of 
publication with the main argument (s) of related proof given into 

round brackets 

For brevity, into round brackets after a reference in the following list we 
denote the method(s) and/or idea(s) that are used in related proof by: 
C-a combinatorial method; 

CM-a counting method, based on some combinatorial enumerating argu- 
ments; 

CS-an idea based on a convergence of sums ^^Li(l/^ s ) with s > 1 etc; 

DS-Eu\er idea, that is an idea based on a divergence of reciprocals of 
primes and related series; 

E'-Euclid's idea of the proof of the infinitude of primes, that is, a consid- 
eration of product P := P\Pi • ■ -Pk + 1 or some analogous product; 

FT— a factorization (not necessarily to be unique) of a positive integer as 
a product of prime powers; 

MP/-the idea based on a construction of sequences consisting of mutually 
prime positive integers; 

T-a topological method; 

UFT-the unique factorization theorem of a positive integer as a product 
of prime powers. 
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[HI 300 B.C.], [421 p. 4, Theorem 4], Euclid of Alexandria (E) 

[761 1730, p. 6], [Ml pp. 40-41], [711 P- 4] C. Goldbach, (MPI, especially, 
Fermat numbers F n : = 2 2 +1) 

[TBI 1737, p. 8], [Ml PP- 8-9], [33] L. Euler (UFT, DS; especially, the series of 
the reciprocals of the primes is divergent) 

pi 17??, pp. 134-135], [721 P- 3] L. Euler (multiplicativity of Euler 's totient 
function (p) 

[561 1878/9], [TBI p. 4], [98] E. E. Kummer (E) 
[691 1881], [98] J. Perott (CS and CM) 
[751 1890], [98] T. J. Stieltjes (E) 

[El 1893], [23 p. 414], [98] C. O. Boije af Gennas (FT, C) 

[721 1897, p. 3], [98] J- Braun (E) 

[891 1897], [76J p. 9] A. Thue (CM and UFT) 

[761 1915, p. 11] A. Auric (CM and FT) 

[761 1917, p. 11] G. Metrod (E) 

[3T1 1934, p. 283], [30] P. Erdos (C and de de Polignac's formula) 

[121 1938, pp. 16-17], [98] P. Erdos (UFT, C, CM and DS) 

P 1947], [TBI P- 7] R. Bellman (MPI and a polynomial method) 

[351 1955], [TBI PP- 12-13], [T21 p. 12], [21 p. 5] H. Fiirstenberg (T) 

[451 1956], [98] V. C. Harris (MP/) 

[381 1959] S. W. Golomb (T) 

[391 1963] S. W. Golomb (MPI) 

[Ml 1964] A. A. Mullin's (E) 

[291 1964], [TBI P- 7] A. F. W. Edwards (MPI) 

[82\ 1964, pp. 132-133] W. Sierpihski (inequality for central binomial coefficient, 
mathematical induction, UFT, de Polignac's formula) 
PH 1965] P. R. Chernoff (CM and UFT) 
[271 1971] Problem 3 on IMO 1971 (FT and Euler's theorem) 
[90, 1974] C. W. Trigg (E) 

[9l 1976] C. W. Barnes (Theory of periodic continued fractions and Theory of 
Pellian equations) 

[621 1978, Theorem 1], [63], [721 pp. 5-6] S. P. Mohanty's (MPI) 
[B2l 1978, Theorem 2], (MPI and Fermat little theorem) 
[B2"l 1978, Theorem 3], (MPI and Fibonacci numbers) 

[931 1980], [TBI PP- 11—12] , [TBJ L. Washington's (commutative algebra, Theory 
of principal ideal domains and algebraic numbers) 

[TT1 1980], [53 eq. (5)] N. Pippenger (Pippenger's formula and the transcen- 
dentality of e) 

[94|, 1981] D. P. Wegener (E and primitive Pythagorean triples) 
[9T1 1981] A. R. Woods (weak system of arithmetic /Ao, Ao-definable functions, 
the pigeonhole principle PHP Aq formulated for functions defined by Ao-formulas) 
[TBI 1884, p. 8] P. Schorn's (MPI) 

\88\ 1984], |98] S. Srinivasan (MPI, a polynomial method and Fermat little 
theorem) 

[221 1986], [79] M. Deaconescu and J. Sandor (divisibility property n \ ip(a n — 1), 
a,n > 1) 
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[B5| 1988], [57] J. B. Paris, A. J. Wilkie and A. R. Woods (weak system of 
arithmetic IAq, weak pigeonhole principle, Ao-definable functions) 
[771 1993] M. Rubinstein (CM and UFT) 

2001, p. 4] M. Aigner and G. M. Ziegler (CM, definite integral of the function 
1/t, DS, UFT) 

2001, pp. 5-6] M. Aigner and G. M. Ziegler, (DS, C, CM UFT) 
2001, p. 3], [3| p. 72], [23] M. Aigner and G. M. Ziegler, pages 32 and 72] 
(Lagrange's theorem of Group Theory and Mersenne numbers) 
[74, 2001] S. Porubsky (T and Theory of commutative rings) 
0S1 2002] M. D. Hirschorn (CM and FT) 
[7J 2003] J. M. Aldaz and A. Bravo (E and MPI) 
[851 2003] M. Somos and R. Haas (MPI) 

[j~3l 2003], [M] D. Cass and G. Wildenberg (C, periodic functions on integers) 
[661 2003, p. 2] C. W. Neville (DS) 

[501 2004] T. Ishikawa, N. Ishida and Y. Yukimoto (MPI) 
PS 2005, p. 35] R. Crandall and C. Pomerance (DS) 

[T4"l 2005], [UJ p. 118, Section 10.1.5] G. Chaitin (algorithmic information 
theory) 

[781 2006] F. Saidak (MPI) 
[531 2006] L. J. P. Kilford (CS) 
[371 2007] M. Gilchrist (MPI) 

O 2007, pp. 110-111] (first proof via induction; the second proof due by Sherry 
Gong via induction using Euler's theorem) 

[861 2007] J. Sondow (Euler's formula for the Riemann zeta function, £(2) = 
7r 2 /6 and the irrationality of 7r 2 ) 

[601 2008] S. J. Miller (Gregory-Leibniz formula, the formula £(4) = Yln=i V^ 4 = 
7r 4 /90 and the irrationality of ir and 7r 4 , respectively) 

[HI 2008] A. Scimone (E) 

[51~1 2008] B. Joyal, (sieve of Eratosthenes) 

[721 2009, p. 4]) A. Granville (E and Group Theory) 

[7D1 2009] J. P. Pinasco (Inclusion-Exclusion Principle, CM and DS) 

[581 2009] I. D. Mercer (C) 

[951 2010] J. P. Whang (de Polignac's formula)c 

[871 2010, eqs. (5)-(12)] J. Sondow and H. Yi, (Wallis's type formulas and 
irrationality of related numbers) 

P21 2010] M. Coons (UFT, CM) 

PH 2011] R. Cooke (Theory of finite Abelian groups) 

[731 2011] P. Pollack (the Mobius transform) 

[51 2011] J. M. Ash and T. K. Petersen (MPI and FT) 

[6T1 2011] D. G. Mixon (C, UFT and the pigeonhole principle) 

[591 2012] R. Mestrovic (FT and representation of a rational number in a positive 
integer base) 

[this article, 2012] R. Mestrovic (E, FT and the formula (n s — 1) = (n — 

i)(££ V)) 
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